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Fiducial?

Fiducial inference was mentioned only briefly during my graduate
studies. | did not remember what it was about. The only think that
stuck in my mind was that it is “bad”.

adjective Tecrnical (Of @ point or line) used as a fixed basis of
comparison.

oOricIN from Latin fiducia ‘trust, confidence’

1. taken as standard of reference a fiducial mark
2. founded on faith or trust
3. having the nature of a trust : FipuciARY
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Fiducial: A Brief History

goal: to construct distributions for model parameters
Introduced by

attempt to overcome what he saw as an issue of the
Bayesian approach to inference — use of a prior
distribution when no prior information was available

related work: :

It is fair to say that fiducial inference failed to occupy an
Important place in mainstream statistics
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Recent Developments

proposed new concepts of
generalized confidence intervals

noted that every
published generalized confidence interval was
obtainable using the fiducial arguments

and they proved the asymptotic frequentist correctness
of such intervals

have developed/modified these ideas
further — termed the resulting work
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What was on Fisher’'s mind?

a “Switching Principle”
for the celebrated Maximum Likelihood method
IS f(X,0), where x is and 6 is
IS f(X,0), where x is and 6 is

as we will see, generalized fiducial inference is also

based on this idea

the switching of the roles of x and 6
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The Generalized Fiducial Idea

suppose we have unknown parameter 0, observed data x and a
statistical model relating them

we write the relationship through G as:
X = G(0, D1

where [1$ the random component of the problem whose
distribution is

e.g.,write y;j=a+px;+ozj, zj LutN(,1)
where Xx ={X;,Vyi}, 0 ={q,B,0}, [=F{z}

key idea: for any observed X%, one could obtain a distribution for 6

through the “inverse”
0 =G (x, [
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A Generalized Fiducial Algorithm

of course the “inverse” G~ does not always exist

if G~! always exists then a random sample of 6 can be
obtained by first simulating [_I[.]. .., and then

0. =G x, O], 0,=G1xL)...,

if G~! does not exist for a particular L_{two cases):

1. x = G(6, [[JJdoes not have a solution:
remove such [_from the sample & re-adjust the
probabillities for drawing [_]

2. X = (G(8, [Jhas more than one solution:
randomly pick one
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Some Remarks

for simple problems it is often possible to obtain a
closed form expression for 6 = G7(x, [

S0 no simulation is required - fast computation

under suitable conditions generalized fiducial inference
leads to procedures with asymptotically correct
frequentist properties (see and

)
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Fiducial = Bayesian?

the answer Is no; that is, Fiducial & Bayesian

sometimes Fiducial and Bayesian give the same
solutions, sometimes not

Grundy, P. M. (1956) ‘Fiducial distributions and prior
distributions: an example in which the former cannot

be associated with the latter’, J. Roy. Statist. Soc. Ser.
B 18, 217-221.
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Sparse Linear Systems
loosely speaking:
X =AM+ e

X: observed data

A: a known matrix

e: lid errors

LL: unknown parameters, mostly zeros

common estimation methods: thresholding, lasso etc

wavelet regression is an example
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Wavelet Regression: A Brief Intro

model:
v, = g(i/n) +e;, 1= l,....n=2""" ¢ IIEHN(O,JZ)

ety = (y1,...,yx)" and g = (9(3), ..., 9(%))"
let W be the discrete wavelet transform (DWT) matrix

wavelet regression — three steps:

1. compute forward DWT of y and get empirical
wavelet coefficients: w = Wy

2. apply shrinkage to w and obtain estimated wavelet
coefficients: d (sparse linear system: w = d + e)

3. apply inverse DWT tod and get § = W 'd
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Wavelet Regression: more...

recall: (I) w = W y; (1) shrink w to get d; (Ill) g = W "d

our statistical wish is: d is “close to” the true wavelet
coefficients: d = W g (or g = W ' d)

Step Il (estimate d given w) is the most important step;
common approaches

1. , €.9., universal: ¢ logn
2. ; typically a mixture prior is adopted for d
3. - usually d is defined as the optimizer

of some penalized criterion

Generalized fiducial inference has some features of 2
and 3.
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let d;./w;i, be the jkth entry of d/w (5 /k: freg/time)
a mixture prior for d,;:
dj, CIN (0, 75) + (1 — 7;)6(0)
0(0): a point mass at 0
7;. probability of non-zero (not thresholded)

7; and sz: level-dependent hyperparameters that need
to be specified

osterior median of d.;. given w.; IS In closed form
J J

and
provide pointwise posterior probability intervals for g
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A Structural Equation

recall: x = G(0, [;lwhat are x, G, 6 and [?]

Fork=1,...,2" ]
Ll oo itk OO

Wy = _

Lo if &k 11

d; unknown wavelet coefficients

- [ collection of d. = 0 —assumed
o?: unknown noise variance
2. 11d standard normal

X =A{wr}, 0 ={I,dy,0}, [ {2}

(1)
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Using the structural equation (1) the fiducial
distribution would set 7 = []

Solution: Add imaginary equations (playing a role of a

penalty): L, ifr
k
Uk = |
YLy, ifk O

¢t unknown (unimportant) values

(2)

pi are iid with density f,(p), independent w and
each other. f,(p) continuous with f,(0) = ¢.

We also assume [ satisfies a

X = {(wg), (0,...,0)}, 0 ={I,ts,ds, 0}, = {21, pi}
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Tree Constraint — Lee (2002)

idea: w,;’'s at finer levels should have higher chances of
being thresholded

data: w =Wy

d with tree constraint
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Generating Fiducial Distribution

Using the combined structural equation (1), (2) we get
the following fiducial density:
= o=

P
= (di—w) 2+ :

_ c10 1
r(o?,d, ) Cegmloga 502 25 o 1V [T dotdi),

where m(7) is the number of elements in 1
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Generating Fiducial Distribution

Using the combined structural equation (1), (2) we get
the following fiducial density:
= S =

P
= (di—w) 2+

. ic1C Wi - |wi |
r(o?,d, ) Cegmloga 502 25 o 1V [T dotd),

where m(7) is the number of elements in 1
Using MDL criterion of Lee (2002): log g = %logn

A sample from fiducial distribution is achieved in two
steps:

- M-H MCMC provides a sample of Is.

- Glven each I we generate d;,. and o.
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Pointwise Generalized Fiducial Cls
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suppose we have a fiducial sample d;. d,, ..., dy
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Pointwise Generalized Fiducial Cls

~

suppose we have a fiducial sample d;. d,, ..., dy
compute §, = W d; for all ;

thus at each design point x of g(x), we have N fiducial
sample points, namely, g;(z) fori=1,... N
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Pointwise Generalized Fiducial Cls
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suppose we have a fiducial sample d;. d,, ..., dy
compute §. = W 'd; for all i

thus at each design point x of ¢(xz), we have N fiducial
sample points, namely, g;(z) fori=1,... N

these NV sample points can be used to construct a, say,
95% pointwise CI for g(z)
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Pointwise Generalized Fiducial Cls

~

suppose we have a fiducial sample d;. d,, ..., dy
compute §. = W 'd; for all i

thus at each design point x of ¢(xz), we have N fiducial
sample points, namely, g;(z) fori=1,... N

these NV sample points can be used to construct a, say,
95% pointwise CI for g(z)

of course we can do it for all possible = and also 90%,
99% Cls
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Outline

Title: Generalized Fiducial Inference for Sparse Linear
Systems with Application to Wavelet Regression

Fiducial? Generalized Fiducial?
Sparse Linear Systems and Wavelet Regression

Generalized Fiducial Confidence Intervals

Theoretical Results

What else we will do?
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Simulation: Pointwise

test functions: blocks, bumps, doppler, heavisine
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test functions: blocks, bumps, doppler, heavisine

n = 128,256,512, snr= 4
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test functions: blocks, bumps, doppler, heavisine
n = 128,256,512, snr= 4

for each repetition we obtain pointwise CIl at each »
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Simulation: Pointwise

test functions: blocks, bumps, doppler, heavisine
n = 128,256,512, snr= 4
for each repetition we obtain pointwise Cl at each «

we count how many of these Cls cover g(x) (ideally we
want to get 95 for all x)
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for each repetition we obtain pointwise CIl at each »

we count how many of these Cls cover g(x) (ideally we
want to get 95 for all x)

we also did the same thing for 90% and 99%
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(saddlepoint approximation)
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Simulation: Pointwise

test functions: blocks, bumps, doppler, heavisine
n = 128,256,512, snr= 4
for each repetition we obtain pointwise CIl at each »

we count how many of these Cls cover g(x) (ideally we
want to get 95 for all x)

we also did the same thing for 90% and 99%

compare ours to
(saddlepoint approximation)

we call our methods
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Empirical Coverage Rates for Blocks

95% ECR for FBand {solid) and SBand (broken) - .



ECRs for Bumps, FBand

95% ECR for FBand {solid) and SBand (broken) - .



ECRs for Doppler, FBand

95% ECR for FBand {solid) and SBand (broken) - -



ECRs for Heavisine, FBand

95% ECR for FBand {solid) and SBand (broken) - .



Averaged ECR for Blocks

n=128

nominal FBand SBand
99% 0.994 (1.50) 0.965 (0.866)
95% 0.969 (1.10) 0.898 (0.616)
90% | 0.933 (0.910) 0.829 (0.503)
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Averaged ECR for Blocks

nominal FBand SBand
. 99% 0.994 (1.50) 0.965 (0.866)
95% 0.969 (1.10) 0.898 (0.616)
90% | 0.933 (0.910) 0.829 (0.503)
nominal FBand SBand
B 99% 0.990 (1.11) 0.972 (1.26)
95% | 0.954 (0.806) 0.908 (0.926)
90% | 0.907 (0.663) 0.844 (0.765)

numbers inside parentheses are averaged widths
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Averaged ECR for Bumps

nominal FBand SBand
. 99% 0.996 (1.36) 0.957 (1.08)
95% | 0.966 (0.994) 0.884 (0.754)
90% | 0.925 (0.821) 0.806 (0.606)
nominal FBand SBand
B 99% 0.990 (1.06) 0.978 (0.961)

95% | 0.953 (0.767) 0.912 (0.686)
90% | 0.903 (0.630) 0.845 (0.560)

numbers inside parentheses are averaged widths
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Averaged ECR for Dopplers

nominal

FBand

SBand

99%
95%
90%

n=128

nominal

0.990 (0.980)
0.951 (0.712)
0.903 (0.585)

FBand

0.975 (0.895)
0.912 (0.640)
0.844 (0.522)

SBand

99%
95%
90%

n=256

0.991 (0.823)
0.958 (0.588)
0.911 (0.479)

0.970 (0.667)
0.893 (0.461)
0.812 (0.367)

numbers inside parentheses are averaged widths
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Averaged ECR for Heavisine

nominal

FBand

SBand

99%
95%
90%

n=128

nominal

0.991 (0.793)
0.960 (0.565)
0.917 (0.460)

FBand

0.941 (0.552)
0.816 (0.374)
0.709 (0.293)

SBand

99%
95%
90%

n=256

0.993 (0.728)
0.968 (0.508)
0.928 (0.407)

0.945 (0.463)
0.819 (0.303)
0.703 (0.229)

numbers inside parentheses are averaged widths
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Outline

Title: Generalized Fiducial Inference for Sparse Linear
Systems with Application to Wavelet Regression

Fiducial? Generalized Fiducial?
Sparse Linear Systems and Wavelet Regression
Generalized Fiducial Confidence Intervals

Simulation Results

What else we will do?
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Theoretical Results

Assume observations are equidistant over a compact
interval with n = 27*1.
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Theoretical Results

Assume observations are equidistant over a compact
interval with n = 27*1.

If the true function ¢(z) is a finite linear combination of
the wavelet basis functions then, as J — oo, the
generalized fiducial converges weakly to the
distribution concentrated on g(z) for almost all
seqguences of the observed data.
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Theoretical Results

Assume observations are equidistant over a compact
interval with n = 27*1.

If the true function ¢(z) is a finite linear combination of
the wavelet basis functions then, as J — oo, the
generalized fiducial converges weakly to the
distribution concentrated on g(z) for almost all
seqguences of the observed data.

If additionally g(z) 8 0, then the pointwise confidence
Intervals and curvewise confidence intervals have
asymptotically correct coverage.
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Proof Ideas

Main ideas show up when g(x) = 0.
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Proof Ideas

Main ideas show up when g(x) = 0.

- The fiducial probability of the event “the number of
coefficients is more then n "goes to zero a.s.
using results from extreme value theory.
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Proof Ideas

Main ideas show up when g(x) = 0.

The fiducial probabillity of the event “the number of
coefficients is more then n "goes to zero a.s.
using results from extreme value theory.

The probability that the first  n largest values of z;,
arrange themselves on the tree so that there are
compatible with the tree constraint goes to zero.
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Proof Ideas

Main ideas show up when g(x) = 0.

The fiducial probabillity of the event “the number of
coefficients is more then n "goes to zero a.s.
using results from extreme value theory.

The probability that the first  n largest values of z;,
arrange themselves on the tree so that there are
compatible with the tree constraint goes to zero.

Once we show consistence for I, the correct
asymptotic Cl coverage follows from
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What else?

We have studied expected value of the
generalized fiducial distribution as a point
estimator — reasonable performance.
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What else?

We have studied expected value of the
generalized fiducial distribution as a point
estimator — reasonable performance.

Same for curvewise confidence intervals.

Future directions:
lasso for linear models
sparse linear systems

generalized linear models, generalized
additive models

Bratislava, 2008 — p.36/3



Quotes

Zabell (1992) “Fiducial inference stands as R. A.
Fisher’s one great failure.”

Efron (1998) “Maybe Fisher’s biggest blunder will
become a big hit in the 21st century! "
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Quotes

Zabell (1992) “Fiducial inference stands as R. A.
Fisher’s one great failure.”

Efron (1998) “Maybe Fisher’s biggest blunder will
become a big hit in the 21st century! "

Questions22e
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