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Is something spatially random?
Tougher than it looks to decide!

e Fact: It is observed that about
twice as many people sit
catty/corner rather than opposite
at tables in a restaurant

e Conclusion: psychological
preference for nearness

source: O'Sullivan and Unwin,
2002




Is something spatially random?
Tougher than it looks to decide!

e Fact: It is observed that about
twice as many people sit
catty/corner rather than opposite
at tables in a restaurant

e Conclusion: psychological
preference for nearness

* In actuality: an outcome to
be expected from a
random process: two ways
to sit opposite, but four
ways to sit catty/corner

source: O'Sullivan and Unwin,
2002




Migrationrates in Upper Austria:
Random or Clustered?

source: Upper Austrian
Government Statistics Division




The Moran’s

e Moran, 1950 B B
n Wi (Y- V(Y- Y

(yi B 7)2

« CIiff and Ord, 1981 for regression residuals
fromy=Xb+ e
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Patrick A.P. Moran
1917 - 1988



Distribution of Moran’s under the
H,: no spatial autocorrelation

Inference is usually based on a normal
approximation, using a standardized z-value
obtained from the mean and variance of the
statistic, i.e. z( ) =( -E[ ])/ Var ], which are

given by (see Henshaw, 1966)

_tr K _2A(n- Ktr( K- tr
n- (n- K*(n k 2)

where K = 1/zM( + T)M.

The exact distribution was derived by

Tiefelsdorf and Boots, 1995 and Hepple, 1998.

Asymptotic distributions under deviations can
be found in Kelejian and Prucha, 2001.




Moran’s

= 0.066, p-value = 0.012

source: Upper Austrian
Government Statistics Division
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Distribution of Moran’s under the
H,: spatial dependence

 We assume that the data is generated by a so
called SAR model, i.e. y = Xb+ e ,where
e = e+ u,ubeingi.i.d.

 The normal approximation holds and the

mean and variance are now given by (see
Tiefelsdorf, 2000)

g oiH1= T2y v x
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where the h.” are derived from functions of the
covariance matrix of the errors, and

Var[ |HA]:E[ 2|HA]'E[ |HA]2
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The exact distribution (under Normality)
(Tiefelsdorf and Boots, 1995)

Under the influence of a spatial process, the residuals can be
expressed as €=M X\f:d, where d N(O,szl).

And further

F IO\H1 =P /ii?i2 £O\H1
i=1
which this enables us to use Imhof's formula because
in:l /. k ? is a weighted sum of ¢-distributed variables.

12



Imhof’'s Formula (Imhof, 1961)

The distribution function F(y) of the weighted sum of
independent central ¢®-distributed variables is given by
¥
F(y)=P(YE y :%-1 Lsin( Q(u) % (9 du
p . u

0
where X, X,,.., X, are independent ¢/ -distributed random

variables, with the weights /,/ ,./, .1 R and hence the
weighted sum is Y=/, xX +, X, +/+ X. The two
functions Q(u) and x(u) are given by

1" 1
u)== arctan(/. }>—u
Q(u) > (J,)2 y

=1

xw=0 @+,

respectively.
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Example: BO7-lattice

Normal approximation test, hence the critical Btos | is 0.092283. Deriving the pov
for different autocorrelation levels with the normal approximation.

Normal approximation test, hence the critical Bos | is 0.092283. Deriving theowe
for different autocorrelation levels with the exact distribution.

Exact distribution based test, hence the critidaran’s |1 is 0.13850. Deriving tl
power for different autocorrelation levels with the exact distribution.

Normal approximation test, hence the critical Btos | is 0.092283. Deriving the pov
for different autocorrelation levels with the Saddlepoint approximation.
Saddlepoint approximation based test, hence theatiMoran’s | is 0.14464. Derivic
the power for different autocorrelation levelswith the exact distribution.
Saddlepoint approximation based test, henceritieat Moran’s | is 0.14464. Derivir
the power for different autocorrelation levelswith the Saddlepoint approximation.
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BO7 example ctd.
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The APLE statistic

e Approximate profile likelihood statistic
by H. Li, C.A. Calder and N. Cressie, 2007

CYMA(WHWT) My
Y MWW W Wy

with w the vector of eigenvalues of W.

« Aim: better reflection of SAR parameter r

Geographical Analysis 39

16



More on the APLE

(Muller, Reder submitted for Pazman-Festschrift)

e Derivation of exact distribution:

n- k

o 9T K
F(APLE)= P —= £APLE =P (g, - APLEg,)x# £0
i=1 gB| i=1

— again use of Imhof‘s formula

« Comparative Simulations;
e Implementation into R-code;
 Discussion on usefulness;
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On 10x10 regular grid.
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BO7-lattice
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Local Indicators of Spatial
Autocorrelation (LISA)

 Modern spatial analysis requires a local
viewpoint to complement global analysis
cf. Llloyd, 2007.

» Essential prerequisite for being able to
separate influences due to model
misspecification from genuinely spatially
determined patterns.

 |dentify locally particular behavior against
the background of global data generation
mechanisms.
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Local Moran’s (Anselin, 1995)

Decompose a global spatial binary link matrix G into n local
sparse star-shaped structures G;:

0 0 9y 0 0)
0 0 9.y 0 0
Gi° Oy g9;.c 0 G @ -
O O gi+1,i O 0
O O gni O O
AT N
The observed value of the local Moran’s ; is then given by I :%.
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L ocal Moran's Tests

(Bivand, Reder, Muller, CSDA 2008)

e Extensions of derivation of exact
distribution:

« Computational simplifications;
* Multiple testing issue (Bonferroni);
* Implementation into R-package spdep;
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Upper-Austrian migration
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Conditional distribution map of
null SAR model residuals
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,Outlier” analysis: Atzesberg
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Atzesberg ctd.
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A related design guestion
(Gumprecht, Muller, Rodriguez-Diaz, 2008)

e Purpose: minimize the Power

min, P — EC [ Ho)
e Var( [H)

* This leads us to the following design
problem

EF ' a)

F ' a)/Var[| HoF E[ | H} E[| H,]

X =arg minY = arg mirr Na 1A.]
A

« Of course we cannot use classical design
theory since the power 1-Y Is not convex.
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Example: Anselin data
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Conclusions

e Approximation errors can be severe

(in accordance with Boots and
Tiefelsdorf, 2000).

 Power analysis should be
undertaken regularly, ideally by
using SPDEP.

 Employ it in the context of optimal
design.
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ISBIS Is a new International society
and one of the newest Sections of the
International Statistical Institute (1SI)
founded in April 2005.

http://www.Isbis.org/

Soliciting proposals for invited
sessions at ISI Dublin 2011 !
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one more fotograph ...

WU Best Paper Award 2004,
Rathaus Wien
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