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Results from textbooks

Linear model:

y = Fθ + ε; θ ∈ R
p

E (ε) = 0,Var (ε) = σ2I

the variance of the BLUE for cTθ is

Var
(

cT θ̂
)

= σ2cT M−c = σ2 max
α:Mα6=0

(

cTα
)2

αT Mα

where M = F T F is the information matrix
(cf. textbooks of J. Anděl or of C.R. Rao)



Results from textbooks

Design in linear models:

yx = f T (x) θ + εx ; x ∈ X = design space

E (εx) = 0, Var (εx) = σ2 ≡ 1

x1, . . . , xN = exact design
relative frequency= ξ = design

Varξ
(

cT θ̂
)

= max
α:M(ξ)α6=0

(

cTα
)2

αT M (ξ)α

M (ξ) =

∫

X

f (x) f T (x) dξ (x)

The present talk is about two extensions of the c-optimality criterion

ξ → max
α:M(ξ)α6=0

(

cTα
)2

αT M (ξ)α

to other models.



Extension 1

Extension to parameter-free (infinite-dimensional) lin. models

H is the set (linear space) of all allowed regression functions defined
on the set X (for example H =

{

η (.) = f T (.) θ, θ ∈ R
p
}

).
Further,

g : H →R

is a linear functional,

‖η‖
2
ξ =

∫

X

η2 (x) dξ (x) ; η ∈ H

Define

Φg (ξ) ≡ max
η∈H

g2 (η)

‖η‖
2
ξ

.

Remark: THERE IS NO INFORMATION MATRIX IN Φg (ξ).



Extension 2

Extension for the nonlinearly parametrized regression models

yx = η (x , θ) + εx ; x ∈ X

E (εx) = 0, Var (εx ) = σ2 ≡ 1

h (θ) = (smooth) function to be estimated
θ̄ = the true (guessed) value of θ

Define

Ψh (ξ) = min
θ∈Rp,h(θ)6=h(θ̄)

ψh (ξ; θ)

with ψh (ξ; θ) =

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x)
[

h (θ) − h
(

θ̄
)]2

Again: THERE IS NO INFORMATION MATRIX IN Ψh (ξ).



Basic properties

Property of Extension 1:
If the model is linear and parametrized, and if

g
[

f T (.) θ
]

= cTθ

then
Φg (ξ) = Varξ

(

cT θ̂
)

.

Property of Extension 2:
If the model is linear and parametrized, and if

det [M (ξ)] 6= 0,

h (θ) = cTθ + d

then

Ψh (ξ) =
[

Varξ
(

cT θ̂
)]−1

.



Basic properties

Proof:

When

η (x , α) = f T (x)α,

g [η (., α)] = cTα,

then

αT M (ξ)α = αT
[
∫

X

f (x) f T (x) dξ (x)

]

α

=

∫

X

[

f T (x)α
]2

dξ (x) = ‖η (., α)‖
2
ξ .

Hence

max
η∈H

g2 (η)

‖η‖
2
ξ

= max
α:M(ξ)α6=0

(

cTα
)2

αT M (ξ)α
.



Basic properties

Similarly, when

h (θ) = cT θ + d ,

η (x , θ) − η
(

x , θ̄
)

= f T (x)
(

θ − θ̄
)

,

then

min
θ∈Rp,h(θ)6=h(θ̄)

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x)
[

h (θ) − h
(

θ̄
)]2 =

= min
θ∈Rp,cT(θ−θ̄) 6=0

(

θ − θ̄
)T

M (ξ)
(

θ − θ̄
)

[

cT
(

θ − θ̄
)]2 =

=

[

max
α6=0

(

cTα
)2

αT M (ξ)α

]−1

.

�



The interpretation of Φg (ξ)

Take
x1, . . . , xN = exact design,

ξ = “frequency” design.

Define the observed random measure

Yξ (B) ≡
1
N

N
∑

i=1,xi∈B

yxi .

Then for any η ∈ H

Eη (Yξ (B)) =

∫

B
η (x) dξ (x) ,

Cov [Yξ (B1) ,Yξ (B2)] = ξ (B1 ∩ B2) .

A linear estimator is an integral with respect to this observed random
measure.



The interpretation of Φg (ξ)

Theorem (cf. A. Pázman, Kybernetika 1978)

The functional g is linearly estimable under ξ iff there is a function

l ∈ L2 (ξ)

such that

g (η) =

∫

X

l (x) η (x) dξ (x) ; η ∈ H.

Then

Varξ (BLUE) = max
η∈H

g2 (η)

‖η‖
2
ξ

= ‖lξ‖
2
ξ
,

where lξ = the L2 (ξ)-orthogonal projection of l onto H.



The interpretation of Ψh (ξ)

If
∥

∥θ − θ̄
∥

∥ is small, then

Ψh (ξ) = min
θ

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x)
[

h (θ) − h
(

θ̄
)]2

= min
θ

∫

X

[

∂η(x,θ)
∂θ

|θ̄
(

θ − θ̄
)

+ o
(∥

∥θ − θ̄
∥

∥

)

]2
dξ (x)

[

∂h(θ)
∂θ

|θ̄
(

θ − θ̄
)

+ o
(∥

∥θ − θ̄
∥

∥

)

]2

= min
θ

∫

X

(

θ − θ̄
)T

M
(

ξ, θ̄
) (

θ − θ̄
)

[

∂h(θ)
∂θ

|θ̄
(

θ − θ̄
)

]2 + o
(
∥

∥θ − θ̄
∥

∥

)

=

{[

∂h (θ)

∂θT

]

θ̄

M−1 (

ξ, θ̄
)

[

∂h (θ)

∂θ

]

θ̄

}−1

+ o
(
∥

∥θ − θ̄
∥

∥

)

⇒ standard local c-optimality criterion in nonlinear models.



The interpretation of Ψh (ξ)

However, there is much more in Ψh (ξ), namely

Ψh (ξ) = min
θ∈Rp,h(θ)6=h(θ̄)

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x)
[

h (θ) − h
(

θ̄
)]2

detects the lack of identifiability:
1) If

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x) = 0

⇓

we miss a standard condition for consistency and asymptotical
normality of θ̂.

2)

If
∫

X

[

η (x , θ) − η(x , θ̄)
]2

dξ (x) much smaller than
[

h (θ) − h
(

θ̄
)]2

⇓

the estimator h(θ̂) can not distinguish h
(

θ̄
)

from h (θ).



Convexity, concavity and directional derivatives

Theorem

The function Φg (ξ) is convex in ξ.
The function Ψh (ξ) is concave in ξ.

Proof:
The concavity of

Ψh (ξ) = min
θ∈Rp,h(θ)6=h(θ̄)

ψh (ξ; θ)

is evident, since

ψh (ξ; θ) =

∫

X

[

η (x , θ) − η
(

x , θ̄
)]2

dξ (x)
[

h (θ) − h
(

θ̄
)]2

is linear in ξ.



Convexity, concavity and directional derivatives

Further, for every η ∈ H

0 ≤ ‖lξ − η‖
2
ξ

= ‖lξ‖
2
ξ
− 2g (η) + ‖η‖

2
ξ .

Hence
Φg (ξ) = ‖lξ‖

2
ξ
≥ 2g (η) − ‖η‖

2
ξ

and the equality is attained if η = lξ.

Φg (ξ) = max
η∈H

{

2g (η) −

∫

X

η2 (x) dξ (x)

}

which is evidently convex in ξ.

�



Convexity, concavity and directional derivatives

A convex (concave) function has always a directional derivative (at
the point ξ and in a direction given by δ)

∇δΦg (ξ) = lim
β→0

Φg [(1 − β) ξ + βδ] − Φg (ξ)

β

and similarly for Ψh (ξ).

As well known, a design µ is Φg-optimal if and only if

∇δΦg (µ) ≥ 0, ∀δ

Similarly for the Ψh-optimality we require

∇δΨh (µ) ≤ 0, ∀δ



Convexity, concavity and directional derivatives

Theorem

We have ∇δΦg (ξ) =
∫

X
l2ξ (x) dξ (x) −

∫

X
l2ξ (x) dδ (x) ,

∇δΨh (ξ) = minθ∈Θ(ξ) ψh (δ, θ) − Ψh (ξ) ,
Θ (ξ, h) = arg minθ∈Θ ψh (ξ, θ) .

The first expression requires to compute a projection in L2 (ξ), the
second requires to solve a minimization problem to obtain Θ (ξ, h).

Proof: From books on minimax solutions we obtain

∇δ

[

min
θ∈Θ

ψh (ξ, θ)

]

= min
θ∈Θ(ξ,h)

[∇δψh (ξ, θ)]

= min
θ∈Θ(ξ,h)

d
dβ

[ψh ((1 − β) ξ (x) + βδ, θ)]

= min
θ∈Θ(ξ,h)

[ψh (δ, θ) − ψh (ξ, θ)]

since ψh (ξ, θ) is linear in ξ.



Convexity, concavity and directional derivatives

Similarly, from

Φg (ξ) = max
η∈H

{

2g (η) −

∫

X

η2 (x) dξ (x)

}

we have

∇δ

[

max
η∈H

{

2g (η) −

∫

X

η2 (x) dξ (x)

}]

= max
η∈H(ξ)

[

∇δ

(

−

∫

X

η2 (x) dξ (x)

)]

where

H (ξ) = arg max
η∈H

{

2g (η) −

∫

X

η2 (x) dξ (x)

}

= {lξ} ,

∇δ

(
∫

X

η2 (x) dξ (x)

)

=

∫

X

η2 (x) dδ (x) −

∫

X

η2 (x) dξ (x) .

�



Theorem (Equivalence for Φg in parameter-free models)

A design µ is Φg optimal if and only if

max
x∈X

l2µ (x) =

∫

X

l2µ (x) dµ (x)

Proof:

∇δΦg (ξ) =

∫

X

l2ξ (x) dξ (x) −

∫

X

l2ξ (x) dδ (x) ≥ 0; ∀δ

�

Particular case: linear model with det M (µ) 6= 0

lµ (x) = cT M−1 (µ) f (x)

⇓

max
x∈X

[

cT M−1 (µ) f (x)
]2

= cT M−1 (µ) c



Theorem (Equivalence for Ψh in nonlinear models)

Suppose that Θ (µ, h) = {θµ,h} = a unique point.
Then a design µ is Ψh-optimal if and only if

max
x∈X

[

η (x , θµ,h) − η
(

x , θ̄
)]2

=

∫

X

[

η (x , θµ,h) − η
(

x , θ̄
)]2

dµ (x)

Proof:
∀δ ∇δΨh (µ) = ψh (δ, θµ,h) − ψh (ξ, θµ,h) ≤ 0

⇓

∀δ

∫

X

[

η (x , θµ,h) − η
(

x , θ̄
)]2

dδ (x)
[

h (θµ,h) − h
(

θ̄
)]2 ≤

≤ Ψh (µ) =

∫

X

[

η (x , θµ,h) − η
(

x , θ̄
)]2

dµ (x)
[

h (θµ,h) − h
(

θ̄
)]2

�



Particular case: linear model with det M (µ) 6= 0

θµ,h − θ̄ = M−1 (µ) c

η (x , θµ,h) − η
(

x , θ̄
)

= f T (x) M−1 (µ) c

⇓

max
x∈X

[

f T (x) M−1 (µ) c
]2

=

∫

X

[

f T (x) M−1 (µ) c
]2

dµ (x)

= cT M−1 (µ) c

Remark: If Θ (µ, h) has finitely many points we have:

Theorem

A design µ is Ψh optimal if and only if there is a probability measure λ
on Θ (µ, h) such that

∑

θ∈Θ(µ,h) λ (θ) [ψh (δ, θ) − ψh (µ, θ)] ≤ 0 ; ∀δ,
or, equivalently,

max
x∈X

∑

θ∈Θ(µ,h)

λ (θ)
[

η (x , θ) − η
(

x , θ̄
)]2

= Ψh (µ) .



Extending Elfvings’s theorem

Theorem (Elfving’s theorem (1952) in parametrized linear models)

In the linear model η(x , θ) = f T (x)θ let

S ≡ co {f (X ) ∪ [−f (X )]} .

Then
µ ∈ arg min

ξ
Varξ

(

cT θ̂
)

if and only if ∃β ∈ R such that

i) βc ∈ boundary of S

ii) βc =
∫

X
δ (x) f (x) dµ (x) for some δ (x) ∈ {−1, 1}

Extensions to other criteria by Studden, Dette etc.
Numerical computation :
- J. López Fidalgo & Rodrı́gues-Dı́az (Metrika)
- R. Harman & T. Jurı́k (Comp. Stat. & Data Analysis, 2008): a linear
programming method



Extension of Elfving’s theorem to Φg in parameter-free
models

Theorem (cf. A. Pázman, Kybernetika 1978)

Hahn-Banach theorem ⇒ the functional g can be extended from H to
the set C (X ) so that

max
η∈H

[g (η)]2

‖η‖
2
∞

= max
f∈C(X )

[g (f )]2

‖f‖2
∞

.

Riesz theorem ⇒ there is a generalized measure ν on X such that

g (f ) =

∫

X

f (x) dν (x) ; f ∈ C (X ) .

Let ν = ν+ − ν− be the Jordan decomposition of ν.

Then the design µ =
ν+ + ν−

ν+ (X ) + ν− (X )
is Φg-optimal.
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Some words from G.B. Shaw before the today’s
evening to which you are all cordially invited

No question is so difficult to answer as that to which the answer is
obvious.

Everything happens to everybody sooner or later if there is time
enough.

Science . . . never solves a problem without creating ten more.

It is the mark of a truly intelligent person to be moved by statistics.

Imagination is the beginning of creation. You imagine what you
desire, you will what you imagine and at last you create what you will.


